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Abstract. The generalized Busemann-Petty problem asks whether 
centrally-symmetric convex bodies having larger volume of all m- 
dimensional sections necessarily have larger volume. When m > 3 
this is known to be false, but the cases to = 2, 3 are still open. In 
those cases, it is shown that when the smaller body’s radial func¬ 
tion is a n — TO-th root of the radial function of a convex body, 
the answer to the generalized Busemann-Petty problem is positive 
(for any larger star-body). Several immediate corollaries of this 
observation are also discussed. 


1. Introduction 

Let Vol(L) denote the Lebesgue measure of a set L C M"" in its affine 
hull, and let G(n, k) denote the Grassmann manifold of k dimensional 
subspaces of M”. Let denote the Euclidean unit ball, and 
the Euclidean sphere. All of the bodies considered in this note will be 
assumed to be centrally symmetric star-bodies, dehned by a continuous 
radial function Pk{0) = max{r > 0 | r6' G A} for 9 G S'^~^ and a star- 
body K. 

The Busemann-Petty problem. Erst posed in jBP56j . asks whether 
two centrally-symmetric convex bodies K and L in M"’ satisfying: 

(1.1) Vol(A n A) < Vol(L n A) VA G G(n, n-l) 

necessarily satisfy Vol(A) < Vol(L). For a long time this was believed 
to be true (this is certainly true for n = 2), until a hrst counterex¬ 
ample was given in jLR,75j for a large value of n. In the same year, 
the notion of an intersection-body was first introduced by Lutwak in 
jLnt75j (see also |Lnt88j and Section |21 for dehnitions) in connection to 
the Busemann-Petty problem. It was shown in |Lnt88j (and rehned in 
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j(TaT94aj l that the answer to the Busemann-Petty problem is equiva¬ 
lent to whether all convex bodies in M" are intersection bodies. Sub¬ 
sequently, it was shown in a series of results ( jLR,75j , |Bal88j , |Bon91j , 
|(ha9nj . |Pap92| , |(lar94aj . |(far94cj . jKol98bj . jZha99j . |GKS99j h that 


this is true for n < 4, but false for n > 5. 

In |Zha96j . Zhang considered a natural generalization of the Busemann- 
Petty problem, which asks whether two centrally-symmetric convex 
bodies K and L in R” satisfying: 


(1.2) Vol(iP r\H)< Vol(L n if) Vif G G(n, n - k) 

necessarily satisfy Vol(iP) < Vol(L), where k is some integer between 
1 and n — 1. Zhang showed that the generalized k-codimensional 
Busemann-Petty problem is also naturally associated to another class 
of bodies, which will be referred to as k-Busemann-Petty bodies (note 
that these bodies are referred to as n — k-intersection bodies in |Zha96j 
and generalized k-intersection bodies in IKoinnp . and that the gen¬ 
eralized fc-codimensional problem is equivalent to whether all convex 
bodies in i?” are fc-Busemann-Petty bodies. Analogously to the original 
problem, it was shown in jZha96j that if K and L are two centrally- 
symmetric star-bodies (not necessarily convex) satisfying ()1.2|1 . and if 
A is a fc-Busemann-Petty body, then Vol(A) < Vol(L). 

It was shown in jBZ98j . and later in |Koinnj . that the answer to the 
generalized fc-codimensional problem is negative for k < n — 3, but the 
cases k = n — 3 and k = n — 2 still remain open (the case k = n — 1 
is obviously true). A partial answer to the case k = n — 2 was given 
in IBZ98], where it was shown that when L is a Euclidean ball and K 
is convex and sufficiently close to L, the answer is positive. Our main 
observation in this note concerns the cases k = n — 2,n — 3 and reads 
as follows: 


Theorem 1.1. Let K denote a centrally-symmetric convex body in R". 
For a = 2,3, let Ka be the star-body defined by pxa = ■ Then 

Ka is a {n — a)-Busemann-Petty body, implying a positive answer to 
the {n — a)-codimensional Busemann-Petty problem for the pair 
Ka, L for any star-body L. 


The case a = 1 is also true, but follows trivially since it is easy 
to see (e.g. (MilOdp that any star-body is an n — 1-Busemann-Petty 
body. The case a = 2 follows from a = 3 by a general result from 
[MIS], stating that if A is a ABusemann-Petty body and L is given 
by Pl = P^K for 1 < /c < / < n — 1, then L is a Z-Busemann-Petty body. 


Theorem o has several interesting consequences. The hrst one is 
the following complementary result to the one aforementioned from 
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|BZ98] . Roughly speaking, it states that any small enough perturbation 
K of the Euclidean ball, for which we have control over the second 
derivatives of pk, satisfies the low-dimensional generalized Busemann- 
Petty problem (d with any star-body L. 


Corollary 1.2. For any n, there exists a function 7 : [0, 00 ) —>• (0,1), 
such that the following holds: let (p denote a twice continuously differ¬ 
entiable function on such that: 



for every i,j = 1 ,... ,n — 1 , where (pi and (pij denote the first and 
second partial derivatives of ip (w.r.t. any local coordinate system of 
respectively. Then the star-body defined by = l + ep> for 
any |e:| < 7 (M) is a {n — a)-Busemann-Petty body for a = 2,3, implying 
a positive answer to the {n—a)-codimensional Busemann-Petty problem 
(dl for and any star-body L. 


Note that the definition of Ka in Theorem o is highly non-linear 
with respect to K. Since the class of fc-Busemann-Petty bodies is 
closed under certain natural operations (see jMiinhj for the latest known 
results), we can take advantage of this fact to strengthen the result of 
Theorem o For instance, it is well known (e.g. j(fZ99j . |Miin5j i that 
the class of fc-Busemann-Petty bodies is closed under taking k-radial 
sums. The fc-radial sum of two star-bodies Li,L 2 is defined as the 
star-body L satisfying p^f = pf^ -|- pf^. When k = 1 this operation will 
simply be referred to as radial sum. The space of star-bodies in R” 
is endowed with the natural radial metric dr, dehned as dr{Li,L 2 ) = 
max£)g 5 n-i \pLi{d) — Pl 2 {^)\- We will denote by TZC^ the closure in the 
radial metric of the class of all star-bodies in R” which are hnite radial 
sums of centrally-symmetric convex bodies. It should then be clear 
that: 


Corollary 1.3. Theorem EH holds for any K G TZC^ 


Our last remark in this note is again an immediate consequence of 
Theorem o and the following characterization of fc-Busemann-Petty 
bodies due to Grinberg and Zhang f jGZ99j h which generalizes the char¬ 
acterization of intersection-bodies (the case k = 1) given by Goodey 
and Weil r jGW95j b 

Theorem (Grinberg and Zhang). A star-body K is a k-Busemann- 
Petty body iff it is the limit of {Ki} in the radial metric dr, where each 
Ki is a finite k-radial sums of ellipsoids {Sj}: 


Pk. = Pei + 


+ Pel 
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Applying Grinberg and Zhang’s Theorem to the bodies Ka from 
Theorem o we immediately have: 

Corollary 1.4. Let K denote a centrally-symmetric convex body in M”. 
Then for a = 2^3, K is the limit in the radial metric dr of star-bodies 
Ki having the form: 



where {Tj} are ellipsoids. 


2. DEFINITIONS AND NOTATIONS 


A star body K is said to be an intersection body of a star body L, if 
Pk{0) = Vol(Ln6'^) for every 6 G K is said to be an intersection 

body, if it is the limit in the radial metric dr of intersection bodies {Ki} 
of star bodies {L^}, where dr{Ki,K 2 ) = sup^g^n-i \pKi{d) ~ Pk 2 {^)\- 
This is equivalent (e.g. jLnt88j . j(far94aj i to px = R*{dp), where p 
is a non-negative Borel measure on 5”“^, R* is the dual transform (as 
in (j2.1|) i to the Spherical Radon Transform R : 
which is dehned for / G as: 


R{fm = [ fiOdan-iiO, 


where an-i the Haar probability measure on S'” ^ (and we have iden- 
tihed with n0^). 


Before dehning the class of fc-Busemann-Petty bodies we shall need 
to introduce the m-dimensional Spherical Radon Transform, acting on 
spaces of continuous functions as follows: 


Rm : 


C{G{n,m)) 

fio)damie), 



where am is the Haar probability measure on S'™—! (and we have iden- 
tihed S'™“^ with S'”“^ fl E). The dual transform is dehned on spaces 
of signed Borel measures M. by: 


(2.1) R); : M(G(n,m)) ^ 

L._. V/ € 


and for a measure p with continuous density g, the transform may be 
explicitly written in terms of g (see jZha96j h 


( 2 . 2 ) 


Rim = f 

Joi 


6£EGG{n,m) 


g{E)dum{E), 
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where Vm is the Haar probability measure on G(n — 1, m — 1). 

We shall say that a body is a fc-Busemann-Petty body if = 
Rn-kidu) as measures in where p is a non-negative Borel 

measure on G{n,n — k). We shall denote the class of such bodies by 
BV^. Choosing k = 1, for which G{n, n — 1) is isometric to S'^~^ jZ^ by 
mapping H to fl and noticing that R is equivalent to -R^-i 
under this map, we see that BVi is exactly the class of intersection 
bodies. 

We will also require, although indirectly, several notions regarding 
Fourier transforms of homogeneous distributions. We denote by 
the space of rapidly decreasing inhnitely differentiable test functions in 
M", and by the space of distributions over 5(M"). The Fourier 

Transform / of a distribution / e 5'(R"') is dehned by (/, 0) = (/, 0) 
for every test function 0, where 0(i/) = / ((){x) exp{—i{x,y))dx. A 
distribution / is called homogeneous of degree p G M if = 

|f (/, 0) for every f > 0, and it is called even if the same is true for 
t = —1. An even distribution / always satishes (/)^ = {27r)‘^f. The 
Fourier Transform of an even homogeneous distribution of degree p is 
an even homogeneous distribution of degree —n — p. 

We will denote the space of continuous functions on the sphere by 
C'(S'”“^). The spaces of even continuous and inhnitely smooth functions 
will be denoted Ge{S'^~^) and respectively. 

For a star-body K (not necessarily convex), we dehne its Minkowski 
functional as ||x||^ = min{f > 0 | x/t G K}. When K is a. centrally- 
symmetric convex body, this of course coincides with the natural norm 
associated with it. Obviously pK{d) = for 6 G S^~^. 

3. Prooes oe the statements 

Before we begin, we shall need to recall several known facts about 
the Spherical Radon Transform R, and its connection to the Fourier 
transform of homogeneous distributions. It is well known (e.g. jOro961 
Chapter 3]) that R : Ce(S'”“^) —> Ce(S'”“^) is an injective operator, and 
that it is onto a dense set in Ge{S'^~^) which contains The 

connection with Fourier transforms of homogeneous distributions was 
demonstrated by Koldobsky, who showed (e.g. jKol98aj i the following: 

Lemma 3.1. Let L denote a star-body in M”. Then for all 6 G : 

In particular is continuous, and of course homogeneous 

of degree —1. Hence, if we denote pxid) = \\0\\]^^ = (|M|))"'''^)^(6*) for 
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6 * e S'"' ^ and use 


|- 1 ^A 

\k 


no) = ( 271 )^ 


I —n+l 


, we immediately get the 


following inversion formula for the Spherical Radon transform: 

Lemma 3.2. Let K denote a star-body in R" such that px is in the 
range of the Spherical Radon Transform. Then for all 9 G 5'"“^; 

7r(n - 1) Vol{Dn-i) 


R-\pk){0) = 


(271)' 


|-lNA 

\k ) 


( 9 ). 


Koldobsky also discovered the following property of the Fourier trans¬ 
form of a norm of a convex body r iKoinni Corollary 2]): 

Lemma 3.3. Let K be an infinitely smooth centrally-symmetric convex 
body in R". Then for every E G G{n, k): 




I A 

\k ) 


{9)d9 > 0. 


Since (7“(S'" is in the range of the Spherical Radon Transform, 
applying Lemma f3.3l with k = n — 3 and using Lemma [3.21 we have: 

Proposition 3.4. Let K be an infinitely smooth centrally-symmetric 
convex body in R". Then for every E G G{n, n — 3): 

[ R-\pK){9)d9>0. 

We are now ready to prove Theorem ll.il 

Proof of Theorem M . 1\ First, assume that K is inhnitely smooth and £x 
9 G S'"“^. Denote by Hq G G{n,n — 1) the hyperplane 9^, and let ang 
denote the Haar probability measure on S'"“^ HiLg. Let pHg denote the 
Haar probability measure on the homogeneous space G^®(n, n — 3) : = 
{E G G{n,n — 3)\E G He}, and let cte denote the Haar probability 
measure on S'"“^ fl E for E G G{n, n — 3). Then: 


pj,(9) = R(R-^(pj,))(9) = 


(3.1) 


/E€G^e(n,n-3) Js^-^nE 


R ^{pK)ndaHgn 

R-\pK){0daE{0dVHg{E). 


3-1 


The last transition is explained by the fact that the measure daE{C)dpHg{.E) 
is invariant under orthogonal transformations preserving Hq, so by 
the uniqueness of the Haar probability measure, it must coincide with 
do'HgiO- Denoting: 




inpA 


R {PK){0d<^E{0 
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for F G G{n,3), we see by Proposition 13.41 that g > 0. Plugging the 
definition of g in (ED), we have: 

PKie)= [ g{E^)dgHe{E)= f g{F)due{F), 

JEeG^o {n,n-3) JF&Ge{n,3) 

where vg is the Haar probability measure on the homogeneous space 
Geiji, 3) := {F G G{n, 3)10 G F} and the transition is justified as above. 

By ()2.2|1 . we conclude that px = Rlig) with g > 0, implying that the 
body Ks satisfying = px is in iS'Pjj.g. 

As mentioned in the Introduction, the case a = 2 follows from a = 3 
by a general result from jMiinhj . but for completeness we reproduce the 
easy argument. Using double-integration as before: 

Pk{ 9) = [ g{F)dMF) = [ [ g{F)duj{F)dpe{J), 

JpeGeinP) JjeGe(n,2) JFeGj(n,3} 

where pg and uj are the Haar probability measures on the homogeneous 
spaces Gg{n, 2) := {J G G{n, 2)\9 G J} and Gj{n, 3) := {F G G{n, 3)| J C F}, 
respectively. Denoting: 

h{J) = [ g{F)duj{F), 

J F<^Gj{n,3) 

we see that h > 0 and px = implying that the body K 2 satisfy¬ 

ing = PK is in BVI_ 2 . 

When A' is a general convex body, the result follows by approxima¬ 
tion. It is well known (e.g. jSch931 Theorem 3.3.1]) that any centrally- 
symmetric convex body K may be approximated (for instance in the ra¬ 
dial metric) by a series of infinitely smooth centrally-symmetric convex 
bodies {A'*}. Denoting by A'* the star-bodies satisfying pxi = Pxl"'~’^^ 
for a = 2,3, we have seen that G BV^-a- Obviously the series {A”*} 
tends to Ka in the radial metric, and since BV^-a is closed under taking 
radial limit (see jMiinhj h the result follows. □ 

We now turn to close a few loose ends in the proof of Corollary 11.31 
Since BV'^ is closed under P-radial sums, it is immediate that if and 
are two convex bodies, L is their radial sum, and pTa = Pt 
T = Ai, A 2 ,A, then: 

Pha - Pl - PKi + Pk 2 - Pxi + Pki > 

and therefore La G BV^-a- This argument of course extends to any 
hnite radial sum of convex bodies, and since BV^ is closed under taking 
limit in the radial metric, the argument extends to the entire class AC” 
dehned in the Introduction. 
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It remains to prove Corollary 11.21 

Proof of Corollarv \l.‘A By Theorem I I.IL it is enough to show that for 
a small enough |e:| (which depends on n and M), the star-bodies 
dehned by are in fact convex. Since pi,e = (1 -|- it 

is clear that for every 9 G 

\pLi{0)\ < fo{e,n),\{pLi)i{d)\ < fi{e,n,M),\{pLi)i,j{d)\ < f 2 {e,n,M), 

for every i,j = 1 ,... ,n — 1, where /o tends to 1 and /i, /2 tend to 
0, as e —> 0. It should be intuitively clear that the convexity of 
depends only on the behaviour of the derivatives of order 0,1 and 2 
of Pie, and since we have uniform convergence of these derivatives to 
those of the Euclidean ball as £ tends to 0, is convex for small 
enough £. To make this argument formal, we follow |Car94bj . and use 
a formula for the Gaussian curvature of a star-body L whole radial 
function pi is twice continuously differentiable, which was explicitly 
calculated in |Oh84l 2.5]. In particular, it follows that Ml{9), the 
Gaussian curvature of dL (the hypersurface given by the boundary of 
L) at pl{9)9, is a continuous function of the derivatives of order 0,1 and 
2 of pl at the point 6. Since the Gaussian curvature of the boundary 
of the Euclidean ball is a constant 1, it follows that for small enough 
e, the boundary of has everywhere positive Gaussian curvature. By 
a standard result in differential geometry (e.g. jKN691 p. 41]), this 
implies that is convex. This concludes the proof. 

□ 
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